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1. Motivation



1.1 Why R?

Dominant in statistical computing.

• Over 23,938 community packages 

(CRAN 2026)

• No type declarations. Every 

variable can hold any value at any 

time

• Interpreted, dynamically typed: 

errors surface only at runtime

r

1

2

3

4

5

6

7

gdef <- function() {

    x <<- "hello!"

}

x <- 3

gdef()

x + 1 # Runtime error
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1.2 R’s Data Model

Everything is a vector:

• TRUE, logical of length 1

• 3 or 3.14, double of length 1

• c(1L, 2L, 3L), integer of length 3
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1.2 R’s Data Model

Everything is a vector:

• TRUE, logical of length 1

• 3 or 3.14, double of length 1

• c(1L, 2L, 3L), integer of length 3

Notation

In the following, we denote 

vectors as [𝑒1, 𝑒2, …, 𝑒𝑛].
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1.2 R’s Data Model

Everything is a vector:

• TRUE, logical of length 1

• 3 or 3.14, double of length 1

• c(1L, 2L, 3L), integer of length 3

Notation

In the following, we denote 

vectors as [𝑒1, 𝑒2, …, 𝑒𝑛].

So what about…
• c()

• "hello"

• c(TRUE, 3L, 2.5)
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1.2 R’s Data Model

• c() is equivalent to the reserved keyword NULL
r

is.null(c()) # TRUE

length(c()) # 0
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1.2 R’s Data Model

• c() is equivalent to the reserved keyword NULL
r

is.null(c()) # TRUE

length(c()) # 0

• "hello" is a character vector of length 1
r

length("hello") # 1
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1.2 R’s Data Model

• c() is equivalent to the reserved keyword NULL
r

is.null(c()) # TRUE

length(c()) # 0

• "hello" is a character vector of length 1
r

length("hello") # 1

• c(TRUE, 3L, 2.5) implicitly converted to a double vector
r

typeof(c(TRUE, 3L, 2.5)) # "double"
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1.2 R’s Data Model

Remark Type Hierarchy

Vectors elements must be homogeneous in their type:

logical ≺ integer ≺ double ≺ character

• Implicit coercion occurs:
r

c(TRUE, "hello")      # → ["TRUE", "hello"]

• Special logical value: NA, representing missing data.
r

c(NA, "hello")      # → [NA, "hello"]
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1.3 Vector Operations

Recycling
• R operations are element-wise across vectors.

• When two vectors have different lengths, the shorter is recycled to 

match the longer.

Example
r

c(1, 2, 3) + c(10, 20)

# [10, 20] recycled to [10, 20, 10]

The resulting vector is [11, 22, 13].
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1.3 Vector Operations

Attributes
• Any R vector can carry extra metadata via attributes

• Most used are dim, class and names

Example From vector to matrix
r

x <- 1:10

dim(x) <- c(2, 5)

#      [,1] [,2] [,3] [,4] [,5]

# [1,]    1    3    5    7    9

# [2,]    2    4    6    8   10
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1.4 From R to Abstract Interpretation

Current static analysis for R are not enough.

• flowR (Sihler and Tichy 2025): 

dataflow analysis, no sound vector 

abstraction

• No tool models coercion, recycling, 

or attributes
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1.4 From R to Abstract Interpretation

Sound by construction (Cousot and Cousot 1977)
• Given the set of states Σ : Var → Val, a program property is an element 

of 𝒫︀(Σ)

Φ = {𝜎 ∈ Σ | ∀𝑣 ∈ Var : 𝜎(𝑣) ≠ 0}
• Concrete Collecting Semantics computes reachable set of states at 

program points

• Abstract Interpretation over-approximates via an Abstract Domain
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2. The 𝜇R language



2.1 Concrete Syntax

𝜇R is a subset of R focused on vector operations, omitting environments, 

promises, and lazy evaluation.

P ⩴ S

S ⩴ E
| if (E) {𝑆1} else {𝑆2}
| while (E) {S}
| 𝑆1 𝑆2

| { S }

⨝arith ⩴ + | - | * | /

⨝rel ⩴ > | < | == | != | <= | >=

▹ ⩴ ! | -

E ⩴ Atm | ▹ 𝐸
| 𝑒1 ⨝arith 𝑒2

| 𝑒1 ⨝rel 𝑒2

| c()
| c(E1, ⋯, En)
| x <- e
| x[𝐸idx]
| x[𝐸idx] <- e
| setAttr(x, {𝑠1,...,𝑠𝑛})
| getAttr(x)

Table 1: Syntax of 𝜇R (subset of the full grammar).
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2.2 Concrete Denotational Semantics

Atm ⩴ Var | Float | Int | Bool | NULL

Definition Concrete Vector

Given the set of atomic values 𝕍Atm and a set of string attribute names 𝒜︀, 

a concrete vector 𝑣 ∈ 𝒱︀ is a pair (ℕ → 𝕍Atm) × 𝒜︀: a total map from 

indexes to atomic values, plus attribute names.
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2.2 Concrete Denotational Semantics

𝔼⟦e⟧ : ℰ︀→(ℰ︀×(𝒱︀∪𝒫︀(String))), where x ∈ Var, e ∈ E

𝔼⟦e1 ⋄ e2⟧𝜌 =def (𝜌2, 𝑣′
1 ⋄ 𝑣′

2)
where (𝜌1, 𝑣1) = 𝔼⟦e1⟧𝜌,

(𝜌2, 𝑣2) = 𝔼⟦e2⟧𝜌1,
(𝑣′

1, 𝑣′
2) = Recycle((𝑣1, 𝑣2)),

⋄ ∈ {⨝arith, ⨝rel}
𝔼⟦c()⟧𝜌 =def (𝜌, [ ])
𝔼⟦c(E1, ⋯, En)⟧𝜌0 =def (𝜌𝑛, 𝑣1 ⊕♯ ⋯ ⊕♯ 𝑣𝑛)

where ∀𝑖 ∈ [1, 𝑛].(𝜌𝑖, 𝑣𝑖) = 𝔼⟦e𝑖⟧𝜌𝑖−1

𝔼⟦x[𝑒idx]⟧𝜌 =def (𝜌′, Select(𝜌′(x), 𝑣idx))
where (𝜌′, 𝑣idx) = 𝔼⟦𝑒idx⟧𝜌

Table 2: Selected rules of the concrete semantics (incomplete list).
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3. The Abstract Domain of R Vectors



3.1 The Abstract Domain

Definition Raw Abstract Element

A raw abstract vector in 𝒱̃︀♯
ℬ︀ is a 4-tuple

𝜈 = ([𝑙, 𝑢], ⟨𝑝1⋯ 𝑝𝑘⟩, 𝑠, 𝑎) ∈ Itv0 × ℬ︀♯∗ × ℬ︀♯ × Attr♯

with the invariant:

𝑙 ≤ 𝑘 ≤ 𝑢 ∧ 𝑢 ≠ +∞ ⇒ 𝑠 = ⊥ℬ︀♯ ∧ 𝑢 = 𝑘
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3.1 The Abstract Domain

Definition Abstract Domain of R Vectors

The abstract domain is the complete lattice:

𝒟︀𝒱︀♯
ℬ︀

=def ⟨𝒱︀♯
ℬ︀, ⊑𝒱︀♯

ℬ︀
, ⊔𝒱︀♯

ℬ︀
, ⊓𝒱︀♯

ℬ︀
, ⊥𝒱︀♯

ℬ︀
, ⊤𝒱︀♯

ℬ︀
⟩

where 𝒱︀♯
ℬ︀ = {[𝜈]≡ | 𝜈 ∈ 𝒱̃︀♯

ℬ︀} where:

• ⊥𝒱︀♯
ℬ︀

= (⊥Itv0
, 𝜀, ⊥ℬ︀♯ , ⊥Attr♯)

• ⊤𝒱︀♯
ℬ︀

= (⊤Itv0
, 𝜀, ⊤ℬ︀♯ , ⊤Attr♯)
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3.2 Concretization Function

Definition

The concretization function 𝛾𝒱︀♯
ℬ︀

: 𝒱︀♯
ℬ︀ → 𝒫︀(𝒱︀) is defined as:

𝛾𝒱︀♯
ℬ︀
(([𝑙,𝑢], 𝒑, 𝑠, 𝑎))=def

{



[𝑐1,…,𝑐𝑛]𝒜︀∈𝒱︀

|



𝑛∈𝛾Itv0

([𝑙,𝑢]), 𝒜︀∈𝛾Attr♯(𝑎),

∀𝑖∈[1, min (𝑛,|𝒑|)] : 𝑐𝑖∈𝛾ℬ︀♯(𝑝𝑖),
∀𝑗∈[|𝒑|+1,𝑛] : 𝑐𝑗∈𝛾ℬ︀♯(𝑠) }




M. Di Agostino, Towards Statically Reasoning About R Vectors 14 / 21



3.3 The Galois Connection

Theorem Meet Preservation

The concretization 𝛾𝒱︀♯
ℬ︀

 preserves the meet:

𝛾𝒱︀♯
ℬ︀
(𝜈1 ⊓𝒱︀♯

ℬ︀
𝜈2) = 𝛾𝒱︀♯

ℬ︀
(𝜈1) ∩ 𝛾𝒱︀♯

ℬ︀
(𝜈2)

Theorem Galois Connection

⟨𝒫︀(𝒱︀), ⊆⟩
𝛾𝒱︀♯

ℬ︀⟵⟶𝛼𝒱︀♯
ℬ︀

⟨𝒱︀♯
ℬ︀, ⊑𝒱︀♯

ℬ︀
⟩

where 𝛼𝒱︀♯
ℬ︀
(𝐶) =def ⨅𝒱︀♯

ℬ︀
{𝜈 ∈ 𝒱︀♯

ℬ︀ | 𝐶 ⊆ 𝛾𝒱︀♯
ℬ︀
(𝜈)}.
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4. Examples of Abstract Operators



4.1 Abstract Recycling

Recycle♯ : 𝒱︀♯
ℬ︀ × 𝒱︀♯

ℬ︀ → 𝒱︀♯
ℬ︀ × 𝒱︀♯

ℬ︀

Extends shorter vector to match longer one. Join over all possible target 

lengths in [𝑙′, 𝑢′] = [max(𝑙1, 𝑙2), max(𝑢1, 𝑢2)].

The two helper functions that perform the actual recycling are:

• 𝜌♯
𝑐: cycles known content cyclically to a fixed target length.

• 𝜌♯
𝑓 : joins 𝜌♯

𝑐 over all possible original lengths.

𝜈′
𝑖 =

(
[𝑙′, 𝑢′],  ⨆ℬ︀♯∗

max(𝑚,𝑛)

𝑑=𝑙′
𝜌♯

𝑓(𝒑𝑖, 𝑠𝑖, 𝑙𝑖, 𝑑),  𝑠′
𝑖,  𝑎𝑖

)
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4.2 Abstract Selection

Select♯ : 𝒱︀♯
ℬ︀ × 𝒱︀♯

Itv → 𝒱︀♯
ℬ︀

The concrete Select handles three indexing modes. The abstract operator 

Select♯ analyzes each mode separately:

Positive Select♯
pos

Indices ≥ 0 or NA.

Extracts elements by 

position.

Negative Select♯
neg

Indices ≤ −0.

Excludes elements by 

position.

Logical Select
♯
log

Boolean mask ∈
{NA, True, False}+.

Selects where mask is 

true.
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4.2 Abstract Selection

Abstract Filtering (positive/negative) : The selector content 𝒑2 is 

partitioned by concretization sign:

𝒑+
2 = ⟨𝑝 ∈ 𝒑2 | 𝛾Itv(𝑝) ⊆ ℤ≥0 ∪ {NA}⟩

𝒑−
2 = ⟨𝑝 ∈ 𝒑2 | 𝛾Itv(𝑝) ⊆ ℤ≤0⟩

The overall operator joins the two integer-indexing branches:

Select♯(𝜈1, 𝜈2) = Select♯
pos(𝜈1, 𝜈+

2 ) ⊔𝒱︀♯
ℬ︀

Select♯
neg(𝜈1, 𝜈−

2 )

Zero indices are handled by AdjustForZeros (discards definite zeros, joins 

over possible zeros).
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5. Implementation & Validation



5.1 Analysis Pipeline

R Source
Normalized

AST
CFG + DFG

Abstract

Analysis

VectorInferenceVisitor

• Extends flowR’s AbstractInterpretationVisitor

• Generic fixpoint engine: worklist algorithm, join at merge points, 

widening ∇𝒱︀♯
ℬ︀

 at loops

• Dispatches each CFG vertex to the corresponding abstract operator
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5.1 Analysis Pipeline

r

1

2

3

4

5

6

7

v <- 1

⤷ 𝑣 ≔ ([1, 1], ⟨[1, 1]⟩, ⊥Itv)
if (*) {

    v <- c(1, 2, 3)

} else {

    v <- c(0, 1)

}

⤷ 𝑣 ≔ ([2, 3], ⟨[0, 1][1, 2][3, 3]⟩, ⊥Itv)
r <- v + c(9, 10, 11)

⤷ 𝑟 ≔ ([3, 3], ⟨[9, 10][11, 12][11, 14]⟩, ⊥Itv)

Figure 1: An example from the handcrafted test-suite.
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6. Conclusion



6. Conclusion

Contributions

1. 𝜇𝑅: formal core calculus → complete concrete semantics

2. 𝒱︀♯
ℬ︀: a parametric abstract domain → lattice, widening, Galois connection

3. Abstract operators for all vector ops → soundness proofs

4. Proof-of-concept in flowR → 61 test cases validated

Limitations & Future Work

• Not modeled: lazy evaluation, metaprogramming, S3/S4 dispatch

• Future: relational domain, real R packages, full-language analysis
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7. Appendix



7. Appendix
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7.1 Partial Order

Definition ⊑𝒱︀♯
ℬ︀

Let 𝜈1 = (𝐿1, 𝒑1, 𝑠1, 𝑎1) and 𝜈2 = (𝐿2, 𝒑2, 𝑠2, 𝑎2) be minimum representatives with 𝑘1 =
|𝒑1|, 𝑘2 = |𝒑2|. Then:

𝜈1 ⊑𝒱︀♯
ℬ︀

𝜈2 ⟺ 𝐿1 ⊑Itv0
𝐿2 ∧ 𝑠1 ⊑ℬ︀♯ 𝑠2 ∧ 𝑎1 ⊑Attr♯ 𝑎2 ∧ 𝐾(𝜈1, 𝜈2)

where 𝐾(𝜈1, 𝜈2) distinguishes three cases on the known content:

𝐾(𝜈1, 𝜈2) =def

{





∀𝑖 ∈ [1, 𝑘1] : 𝑝1,𝑖 ⊑ℬ︀♯ 𝑝2,𝑖 if 𝑘1 ≤ 𝑘2 ∧ 𝑢1 ≠ +∞

∀𝑖 ∈ [1, 𝑘1] : 𝑝1,𝑖 ⊑ℬ︀♯ 𝑝2,𝑖
∧ ∀𝑗 ∈ [𝑘1 + 1, 𝑘2] : 𝑠1 ⊑ℬ︀♯ 𝑝2,𝑗

if 𝑘1 ≤ 𝑘2 ∧ 𝑢1 = +∞

∀𝑖 ∈ [1, 𝑘2] : 𝑝1,𝑖 ⊑ℬ︀♯ 𝑝2,𝑖
∧ ∀𝑗 ∈ [𝑘2 + 1, 𝑘1] : 𝑝1,𝑗 ⊑ℬ︀♯ 𝑠2

if 𝑘1 > 𝑘2
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7.2 Join

Definition ⊔𝒱︀♯
ℬ︀

Let 𝜈1 = (𝐿1, 𝒑1, 𝑠1, 𝑎1) and 𝜈2 = (𝐿2, 𝒑2, 𝑠2, 𝑎2) with 𝑘1 = |𝒑1|, 𝑘2 = |𝒑2|. Then:

𝜈1 ⊔𝒱︀♯
ℬ︀

𝜈2 =def (𝐿1 ⊔Itv0
𝐿2, 𝒑1 ⊔ℬ︀♯∗ 𝒑2, 𝑠1 ⊔ℬ︀♯ 𝑠2, 𝑎1 ⊔Attr♯ 𝑎2)

where 𝒑1 ⊔ℬ︀♯∗ 𝒑2 =def ⟨𝑝1,𝑖 ⊔ℬ︀♯ 𝑝2,𝑖⟩𝑚
𝑖=1 ⊕ tail and:

tail =

{



⟨𝑝1,𝑚+1 ⊔ℬ︀♯ 𝑠2⋯ 𝑝1,𝑘1

⊔ℬ︀♯ 𝑠2⟩ if 𝑘1 > 𝑘2

⟨𝑝2,𝑚+1 ⊔ℬ︀♯ 𝑠1⋯ 𝑝2,𝑘2
⊔ℬ︀♯ 𝑠1⟩ if 𝑘2 > 𝑘1

𝜀 otherwise
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7.2 Join

with 𝑚 = min(𝑘1, 𝑘2). The shorter known content is padded with the other vector’s 

summary. The attribute join is 𝑎1 ⊔Attr♯ 𝑎2 = (MustHave1 ∩ MustHave2, MayHave1 ∪
MayHave2).
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7.3 Meet

Definition ⊓𝒱︀♯
ℬ︀

Let 𝜈1 = (𝐿1, 𝒑1, 𝑠1, 𝑎1) and 𝜈2 = (𝐿2, 𝒑2, 𝑠2, 𝑎2) with 𝐿1 = [𝑙1, 𝑢1], 𝐿2 = [𝑙2, 𝑢2], 𝑘1 =
|𝒑1|, 𝑘2 = |𝒑2|, 𝑀 = max(𝑘1, 𝑘2). Then:

𝜈1 ⊓𝒱︀♯
ℬ︀

𝜈2 =def

{


⊥𝒱︀♯

ℬ︀
if max(𝑙1, 𝑙2) > 𝑢′

𝜉1 if 𝑢1 = 𝑢2 = +∞ ∧ 𝑠1 ⊓ℬ︀♯ 𝑠2 ≠ ⊥ℬ︀♯ ∧ 𝑢′ = 𝑀

𝜉2 otherwise

where:

𝜉1 =def ([max(𝑙1, 𝑙2), +∞], 𝒑′, 𝑠1 ⊓ℬ︀♯ 𝑠2, 𝑎1 ⊓Attr♯ 𝑎2),

𝜉2 =def ([max(𝑙1, 𝑙2), 𝑢′], 𝒑′, ⊥ℬ︀♯ , 𝑎1 ⊓Attr♯ 𝑎2).
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7.3 Meet

The resulting known content is 𝒑′ = ⟨𝑝′
𝑖⟩𝑢′

𝑖=1 built with elements 𝑝′
𝑖 = 𝑝′

1,𝑖 ⊓ℬ︀♯ 𝑝′
2,𝑖, and:

𝑝′
1,𝑖 =

{

𝑝1,𝑖 if 𝑖 ≤ 𝑘1

𝑠1 if 𝑖 > 𝑘1

𝑝′
2,𝑖 =

{

𝑝2,𝑖 if 𝑖 ≤ 𝑘2

𝑠2 if 𝑖 > 𝑘2

with 𝑢′ = max{𝑖 ∈ [0, max(𝑙1, 𝑙2, 𝑀)] | ∀𝑗 ∈ [1, 𝑖] : 𝑝′
𝑗 ≠ ⊥ℬ︀♯}. The known content is 

truncated at the first position where the component meet is ⊥ℬ︀♯ .
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7.4 Concretization

Definition 𝛾𝒱︀♯
ℬ︀

The concretization function 𝛾𝒱︀♯
ℬ︀

: 𝒱︀♯
ℬ︀ → 𝒫︀(𝒱︀) is defined as:

𝛾𝒱︀♯
ℬ︀
(([𝑙,𝑢], 𝒑, 𝑠, 𝑎))=def

{



[𝑐1,…,𝑐𝑛]𝒜︀∈𝒱︀

|



𝑛∈𝛾Itv0

([𝑙,𝑢]), 𝒜︀∈𝛾Attr♯(𝑎),

∀𝑖∈[1, min (𝑛,|𝒑|)] : 𝑐𝑖∈𝛾ℬ︀♯(𝑝𝑖),
∀𝑗∈[|𝒑|+1,𝑛] : 𝑐𝑗∈𝛾ℬ︀♯(𝑠) }




A Galois connection holds: 𝒫︀(𝒱︀)
𝛾𝒱︀♯

ℬ︀⟵⟶𝛼𝒱︀♯
ℬ︀

𝒱︀♯
ℬ︀, with 𝛼𝒱︀♯

ℬ︀
(𝐶) = ⨅𝒱︀♯

ℬ︀
{𝜈 ∈ 𝒱︀♯

ℬ︀ | 𝐶 ⊆ 𝛾𝒱︀♯
ℬ︀
(𝜈)}.
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7.5 Widening

Definition ∇𝒱︀♯
ℬ︀

Let 𝜈1 = (𝐿1, 𝒑1, 𝑠1, 𝑎1) and 𝜈2 = (𝐿2, 𝒑2, 𝑠2, 𝑎2) with 𝑘1 = |𝒑1|, 𝑘2 = |𝒑2|, 𝑚 =
min(𝑘1, 𝑘2), 𝑀 = max(𝑘1, 𝑘2). Then:

𝜈1∇𝒱︀♯
ℬ︀
𝜈2 =def ([𝑙′, 𝑢′], 𝒑′, 𝑠′, 𝑎1 ⊔Attr♯ 𝑎2)

where [𝑙′, 𝑢′] = 𝐿1∇Itv0
𝐿2. The content extends to the maximum length when the 

widened length is finite or both inputs are finite:

𝒑′ =
{

⟨𝑝′

1⋯ 𝑝′
𝑀⟩ if 𝑢′ ≠ +∞ ∨ (𝑢1 ≠ +∞ ∧ 𝑢2 ≠ +∞)

⟨𝑝1,1∇ℬ︀♯𝑝2,1⋯ 𝑝1,𝑚∇ℬ︀♯𝑝2,𝑚⟩ otherwise

where 𝑝′
𝑗 = 𝑝1,𝑗∇ℬ︀♯𝑝2,𝑗 for 𝑗 ≤ 𝑚, and 𝑝′

𝑗 = 𝑝𝑖,𝑗 for elements from the longer vector 𝑖 
when 𝑚 < 𝑗 ≤ 𝑀 . The summary:
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7.5 Widening

𝑠′ =

{

⊥ℬ︀♯ if 𝑢′ ≠ +∞

𝑠1∇ℬ︀♯(𝑠2 ⊔ℬ︀♯ ⨆𝑘1
𝑗=𝑚+1 𝑝1,𝑗 ⊔ℬ︀♯ ⨆𝑘2

𝑗=𝑚+1 𝑝2,𝑗) otherwise

Well-founded: the widening guarantees termination of fixpoint iteration.
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